SuFFIe.mev\'(:ana Notes on Linear N%ebm
g§1 Vectors in ®

.:Deflmﬁio“ (S|

A vector n 'R“ s an elewewb cf TR“={(1.,‘£°..---,'1»\) : x,,x,_,.--,x,\e'Ri.

Examfle_ (N

A vector in R can be written as (x,,x) or 1.'1‘-@1‘)*.

VG, %)

v
3\ devm-badbavoro\/

° 7

A vector n B can be writken os (X, %, X)) OF x.‘i‘-ex,j-ex.{l! .

V (X. "X}:iﬁ)

A vector in 'R'\ can BE. writken os (‘L.lnl...'n) or -x"é:.‘.xlé‘l-(....*.-x.\é\ .

B8:(0,0,....0) = 08 + O&,+-.+ 08 is said o -the zero vector.

'Defwﬁon 1.2 (Veckor Addrbion)

n -~
lf A= WU e u) L, Ve (Va8 € R, W4T = (i, UtV oo e VW)

Examfle_ L

lf T4, T,3)eR

A A+ = (6,4)

v



'Daf(vxrﬁm .3 (Scalar Hu\l-‘ciP\ication)

lf Ve (Vo V), £ eR (called scalar) , 45 = (ov, vy, o) .

Examrle_ L3

B ¥ eR L 302,60, 4F:0,10), COVal-a,) .

<l

iV

OV

..Dtj‘nﬁion L4

V.9 eR are sad 4o be -ra.mlle( nf V=R -fo- some. teR.

.:szlv\l'ﬁon L5

et V. R eR.
-7 s defiv\ed aa OV and T-T s deﬁiv\ed os TR+ .

Examrle. La

8 Shed.3TusT and OR.B.aTes], A
-then m-sﬁ-o—h=t-a‘=(4"?+>"S)-(3‘1‘+s’5‘)='i‘-sj‘. R

-R’oFosi'bim (|

let R.¥.ReR®, steR.

1) (Commutative Law cf Vectoe  Addition) R+T=V4+W

2) (Associative Law of Vector  Addition) @+W+W = R+ (P+RQ)

3) (Existence 6§ Addrdve ldawbl'ba) B4+ =V+B =V

4) (Existence 6§ Addrbve  (nverse ) VD N+ =S

5) (Existence csf Muttiplicative szbrha) 1RV where 1eR

©) (Associative Law of Scalar Muttiplication)  S£¥) = (sHT

1) (Distributive. Law cf Scaolar Muttplication)  S@+¥) = sW+sT and (5400 = V4T
Remark: K = a vector Space.




Frbvf cf Wy

Let T luntua.otan) . T2 O Ny Lo v e B Q

TR+ =4+
R+ = (ul'.'vl;u}""vbo"'ouﬂ"'\,v\) <

2 OV, Vat U, o, Vb Gn) C0 WLV ETR L i+ = Vi)

- -—
= V+R

])zflv\l'ﬁovx .6

B B (v o) lengbh of 9, 9l (Bt s FiTe v

Exercise 1.1

Let VeR' . keR . Show that (kI =1k .

Ifwe let <‘/=#V,-G~an Gu and Wl=1.3 is said to be the unt vector of V.
w ldeazﬁvezﬁbr'ﬁlnﬁisa%mh’baw‘rﬂn direction and Magvx'rb,de.

=T where § ond (W1 %ive the  direction and magv\'rbzde cﬁ- < ﬂasPec:bvel%

Exm\rle_ 1.5

|f P42 eR , Rl=ddz -5 (Bgthn. 4o ) ared Q-3+ 27

A

U=(4.3)
3..

':DZEWEIW\ 13 (Dot Prodinct)

n (A
ﬁ a‘(u(:uzl“',uv\) ‘ -\7'-(V(:V:.."',Vv\) e R N T:‘\-; =2

& (VEAVIER SV VA VAL VPG VUL EXRE 37N

In particular, V-7 = g -l

Exaw?le .5

lf W (4,2.3) , T=(-1,6,-2) eks, R el D+ - 643.(-2) =2

quome:ﬁri’ cal meo.n‘m% 2




n

Cosine. Law - [R-9 1= @+ R0 2@ leos® Triangle. spanved by R ad ¢ B
ﬁ'-u(w-\la): I%M:. + I?!:}lv':' 2T lcos® g

S a n n n "

Zw -Q\Z;‘IM‘V‘ +Zuie Zuy+ P28V -2\ lcos®

é\lluw; = 1T lcos®
N = RRYlces® Pm%\e bebeen & and @

Direct Corsequence. :
DT s 'Fe\—-Pev\d'\m(ar (or O\*H/\oaom\) o T ,ie. TIW < e:% = V-W:=o0
Lo {‘ e
2. &
) rf 1)
Fucthermore , let X= wheu - Fovda s cR.
The area cﬁ ‘Fam(\e\o%mm §‘>avw\eé \9\3 ”oad T
= i Isin Ol

O

BT Uecos o)
< et - @ 2
= J(u?.-c-u’;)(vf-t-\f:) - (AN ALY

b4 J (uﬁ’; - M;V();

3 [PRVRRVRYN |

Remark : Assume. that O s the av%le_ measwred "§\'ow\ ™+ I
The slév\ed area cﬁ Fam(\e\o%mm §‘>av\v\ed b\a T ad T = RSO = WNa- Uy, = |:‘ ‘3:

WUNa =N, > O UWNa =AY <O

0 - S _—
w v

>0 <o

-h'cPasiﬁcv\ Ty

et R T.WeR ., teR.
1) (Commubstive Law cf Dot Paduct ) R.T=w.T
3) (Distributive. Law of Dokt Paduct) R (T W :=r.T+T. I

2) &R T =R ) =t@RF)




'P\-ocf cf Q)

Let = (ul :uz:"'f“h) " T’\ = (\h Ny ,"‘,Vv\) and W= (W, Wa, e, W)
VAW = é.'} Wi (V4w =2.|(wv‘ +uiwg) = %u;v;-«-‘i_\':ww; cR.T+T

Bacthemore, (F+W) R =R (Y+W) : RT+RW =V +W-T .

‘R—:i)ed:iovr\ cg i alw\% W
lenjli\ of OV = (Hlees®

'Fm:)-\:;(\‘?) = OV =(IFlces®) & -
—_—
mc%n’rtw:le direction

S cos® v
=t W = “

which s the 'th:“)ecbion cf 2 alon3 w
N =V can be e,crr'vssﬂ os OV +IN

where TV prja®) ‘7‘3 3 ad TN -oN-5F - LR o
Furthermore , oV /& aw:\ W

Exam‘>|e_ 1.6

Letc 'V-3T+'J.T s ﬁ-T+j€1Rt.

'Pro:)ﬁs(\?\) = vmg ? =—§_—(T+'_‘)“)
Exercise : ’Fm)vs(ﬁ) =2

-

Answer. 'Fm‘)v(ﬁ) = %(3’?-(-).33

Examrle. (T

let T:ad-3B+8 +48, , D:3,428 -8 +8, e®
RdTeeeCa® B, RS Ced T T
Distance between T and W = [F-R|l = 12-58 +28 +38, 1 - 54
T W 14602+ (0+4 1 -1
IR cos® = V- W

20 -F-cosO = -1

9 = cos™ (.

-l °
m) =~ 93%.96
ngle. bebueen ¥ and B = 92 .96

=--L\73

ij_,(m - V w

s e



befwam 1.8 (Crose Broduct in B)
let B.¥ eR , BT & defined as the f‘,um.\%;

-
A WXN

—

Like :C'i\} >?<.§: - ‘Famueloﬁmm sFavw\ecl ba. U and ¥

('Riah": hard vule ) area = [ZIR}|sind

Caution = Cross Fmdvct s cml.a deﬁne.d n B bt NGT any sther  dimension .

Hc%nr&ude L (G = (B sn®
Direction : AxT LR and AT LT witda r‘l%k’:, hard vile .

E% deﬁvﬂ'b‘lon, we. have :

D) UI%TI‘ = -(WxR)

2 TaeR . JaReT . Ba?e] 2;( %
-T‘x"i)=jxj\=ﬁx-|:=_o\ ( NoT Jus‘t the. number © ) =

 —
IxTh

How -to Qom‘rvtﬁe Ux3 'tf R= uf\>+u=.j+u;t and N =V|'\h+\l;.j+\/; 2
Rxs =( w’?+u,.j+w'l: Y x (vl v,j +\v, k) (Pssume. distribirtive  law )
VRV 8 M‘\I;,T%j + U TxE
V\,\I.'jx"\; + u,,\/;jxj + u,vijﬁ +
U\;\l.-‘:x—'\\ + M;\l,]:n'j + u;\lsEx'[:

= (WaVy UV T = (vs =gy, A (u.\l..-u;\/‘)'E
»)

T j 13
= | W UL U3
NARVARA

thoz-e_(z-e(o-e'-.\ > _JE
o 2 |—5|' >.||J+:.-$|J 6‘+3.)
t

)



—Peroeriov\ 12

let BT, D eR . teRr,

1) TxV=-(@=<T)

2) (Distrilwative. Law \'Sg Cross Prduct ) Bx(F+W) = BxT+TxS

2) ER) =V = Tx W) = (@Ex)

Note that if ®,? e® , then Gxi eR .
Suﬂ:ose DeR , then e know that (Tx7)-W s well-defned and 1 is vat a scalar.

(Ux7)-W__is ealled secalar 'bri-PIe_ -chlw:t , but does £ have i %eome'brica\ vv\eavxiw%'?

ARV XY
) A wnrk  vector c% T A
W
—
/V\\T.gﬁ 9 [Eless
C) e
N - 1
o o
ﬁx’(l‘ =‘ﬁ>(_\7|
- Aﬁ*@
(Bx) R =lax7 | A

=|ﬁx”\7| (IR cos &)
e —

[———
base area gt
"3 Slessel

= CSl%v\eA) volume of the 'ParalleleFlFe.d
SFavmed ba %,V and W.
Remark - l-? Lca<m, cos d<O

lf R= u.’?+u;j+w'l: v \I‘T+\l;_j+\1;'|: and W u.’?+w..j+ug12

(TN = Ly —uaud T - (u.\l3-u;\l.sj‘ + a0 K T Gaaad +0E)

W WY
= WaVs -UaVadWi- (Wva =UaNdwn + (e -baY Wy = g0
Wi e Wy

From the Frc:Fer'ties esf determinants :
@)W = FTxRN)-R = R<R) - > 9

e aQa mnus sSign.
FxR) W= @=xN) -V = Q=)W ﬁ b‘a S‘a




&2 Sbmt%h't Lines and Planes
S-E:mxgw: e L w T -
let C:(c.c..c3) be a -j;xe_d Fo'm-'c
Pelx.g.2> be a movable pont
2:a.a.q) be a flxe:l vector (directon vector)

L be a gb—ai%kt line passes -Eb\vw%\« C and goss alov\% direction & .

L
Then .we have TBAIZA . le. CPa+a . +eR -
(x-c,. Y-Ca-z-a ta,.a,.a c a

xsCtta, .

g:Gstan  (pammetric e%aﬁon of L) °

Z2:Cyttay
Eliminabe + : I'f“fw-‘ﬁ;%-.zjé‘ -f Q.8 Gy #O.
CThink - lf A.G.#0, bst ay=0, then -the equation becomes.: %c'e-‘ﬁaz—c* ard z:C3.)

Exaw?le. 2.1

ﬁ the e%m:bon cf a sbwgkt lne L i 'Rs is %u@-‘-ﬁ

L passes -Hr\rwgh (2.4,0) and 8@9.3 QIOV\%_ “the. divection

However, | also passes ﬁvov%l/\ “the Fow:, Ca,4,0)+2(3.1,5)=(8,6.(0) .

'TL\erefor'e, %3“/6-&2;5‘0 is also an e_qbw:tton cf L.

Exaw?le. 22

l:f-ﬂnee%aa(ﬁmfasbmigkbhneLmlf s X2 .42l ad 2.5, ren

(1 passes -Ehm%k (2,1.5) and %oes Q(on%_ ‘the direction @ =(3,4,0)

‘F‘w\e. TM: 2:=5 Nete: L lies on TT




Exavv?le. 2.3

lf Lisa sbr-a'gk(: line. n B aiven b‘a -dhe e%a‘aov\ XT-:-‘_%;._B%
Q:(0,-3,4) 8 a f%e& 'Fe‘ME.

What s tre shortest distonce beboeen L and & 2

L ‘FS&ES 'el\m%\n P, D).
Direction vector cf Lo=dq=(3,-2,2)

ﬁ= (o.-3,4)-(2,=1,0) = (8,>,2)

Qo,-3.4)

— — = s 32(3,-}.2)
-P&I = 3 -P&) = 'PQ& Z? H 34 = A= -‘(',
'Fm\)a( 2 = QA =23 =(6, 4) G
QAR : PQ - PA =(8,-2,3) - (6,-4,4) = (2,2,-1)

Shortest distonce bebicen L and & =|Q_'G:(=Jf-ez’+(-t‘ NN

Follow e idea of e discusson of Staight lines in B figwe out the eguertion
c§- Sb'vu%k’: lines in T .

bn 8evem( . -S-’ L s a sbrai%k(: line in B which passes 'ﬁv\nw\ah a -Exed O
and gees a(ov% e direction Z=(a,.a.,---,Q) .

X:C+4B . teR s a parametric e%wﬂ'bon of L, where X=6x, .-, 3.

l-f Q;£0 -for- al i, loa ehwﬁvxa:ﬁvxé't,ue. ostain %=%=...=%.

CThink : What dees Hre e%uabon lock (ke }f Some. aj=0 )

Need some '(mc\aina'tiov/\:
. i ) 3
Some\aeda is m\km% wm K.

e
W

-
/ Stroiget line | in B

TN
P

— | g8

N\
N

> R Chime)




Exam{ﬂe. 24

Let @:01.29.6) , A =(2.-1,-22) , &=(2,3,2,F), & =0,2,1,-2)
Let L, 228442 and La: R:Zasd . £.SeR. be bwo sbuight lies (N
Find the shortest distance between L, and L.

Let OR-B+t.2 , OB:S+s.a ‘jb\" seme £, 8. R .

Nete : BA LA ond BALA give ~bwo Q%Adﬁons-. /

BA A o = -43+4Fg.+(&t-0 {S,H
E‘;S-al=° > 24 - (0p-Fte=0 o=

Then BA = SR-TB = (B -B)++B -S.8 = (-1.6, 01,0 +4aQ~(,=3,2) =S, (,=2) A

L

o ldea:leim‘biov\s,lwkmvs,l‘t Svﬁicesfokmu‘»s,q,\dt \:

BR = (1,6, 00,-D+2C.1,-3,3) -2 1,-2) = (3,2.4.5)

and the shortest distance between L, and L, = BRI N NPT - S

Planes in ®
let C:(a.ci.cy) be a fixed Fc‘m't on -the 'F|cme.

P - (x, (6,'2.) be a movable Fo'M‘t on the P‘Qv\e.
AR:(A.B.C)Y be a normal cf the ‘Flane.

-n'\ey\, we have ﬁl@

hx+'Ba+Cz-‘-(-Ac.- Re.-Caoy) =0
N i)

—
dev\csbe’rtb‘a'b

o The e%aﬂov\ c:? a plane n ® s c‘f “he. jom A1+'B«3+Cz-\-'b=c>
where ﬁ=h‘1‘+ES‘+CE s a nomal .

n
Le. R-TP:.o0 ~_ ‘Flay\e_ i
:
A(x-c.)+'3(va-c,_§+ C-c=0



Furthermere rf d 1 e distonce betieen © and the Plav\e_ TC-: P:z.+‘B‘a+Cz.+'D=o
Hren d=[@lcoss| where B 1 +the ov%le betveen R and &.

d- |12leos |
=l M2 cos ® l

n
Al . 2
N w';:' ! =~ Flawa in ®

'E_‘R‘_-
TR+®<C ﬁ
\

(o)

Examfle. 25
'ﬂ='2.1-1;6-z-3=o s a F‘Ane in B with o nommal 'J.T-:.'j-'l: "R

The distonce beteen Oawd'rt.=,‘-—%“=i.
A YRS Fr Ay

BExercice 2.1 (Revisrke cf sbm%h-h les n ®)

Follow -dre idea cf the discussion 6? Flavxes in B, show “dhat 'f L F\1+'B.a+c= o s
a sbrai%hb e n B, tran A’T+Bj

a) A= PsT-i-'Bj %Ne.s a_ wnormal c? (I

b) the distxm beb.\eey\Oo.v\dL=d-(Ll,
sRanes s

ExamFle. 2.6

Let L=1—;_‘=-‘6_.|—1--§_- be asbrodgtt line and '[t:x-\—16+2=o be a 'F[ane n T
0) Find -the intersection c§ L and 1.
b) Find -the anale between L and .

&) Find Hre -ije:am cf L on TU

a) I-E P iz a Foivﬂ: (taiv\% on L, P2, 00+, -,2)= (l+xt 2t 3%) , teR.

SV\FFOSQ that P -fuv-t\ner lles on TL . ((+2)+Q-)+2t = o

¥*+3:=0
=l

Sl and TU wtersect ab (-1,2.-3) .




bYNote : & :(2,-1.2) is a direction vector Oj (W |
R=C,L 1, 1Y) is a normal o§1t.
The. angle between L and R :cos ((ztllv?\) cos ' (zk)
. The onale between L and =L -cos (;g)

A (R xR)

o)
X
s}

-~ =
[

C) Question : How — fi‘nd a direction  vector cf (M

AxA |y 3 2| =-T+3k

[ S

TTE
N x @xR) =L( '} = 3‘?’-6’5*—5‘[5 =5(T—>‘.3'+12)
o

t
3 3

. T—ij+'2 is a directon vector csf |
E%ua'tiw\ c§ P DY, < k- SN

Follow -dhe idea sf “dre discussion c? 'Flavxes in B,

the e%u«rblen Ot Ot 4Bt =0 In B %Nes a "Flane" n ®

which & said o be an aﬁm& ‘z\\aPerF\ame .

The Vector R=(a.aq,,:--.Qx) is Q normal a§ e aﬁv\e_ ‘I\\(/)PQFF\QV\Q i (o

T (n-1)-dimn aﬁ‘me. h-aFerP\ane. in R, n-cim Space..

{-clim aﬁne L\%Per‘ﬂane n ® = }:SE an usual S‘Ermg_hb line n ®.
2-cim aﬁv\e hA?er-Flme n® = Just an usual g'h-aig_h't e n ®.

ExavnFle. 23

Let T be a Flam n & given b-a A 4 X -Ha+ D =4 and let P:c1.2.3,1) be a -Foin-b on T .

Also, et Q:(2,5.3.4) be a pot whicdh does net lie on T &
ubub:s-a\emeceondcf&mﬂ? /I i
Note : Ra(a,1,-1,3) 8 normal 4o T, so A

& - 'FY'DJﬁCP&) -—E#n -'—°W 2 QL1,-1L3) P 5

. 1 !
. oX - Casax = (4 & 4 )

O*




€3 Mabrices and Determinants

f[)szhon 2.1

A mxn real matrix s a cmew\gular array ?f veal numbers (called entities)
with m vous and N columns .

The set of all mxn real watrices is densted by MR

Let A eMpman®,

Qy Gp - Qin
Cay Qg (279N
A- : e , the ev\'b’\a ab i-th rv\A.J-‘HA column is  densted b«a aijor EP\]:S .

Qi A Cuan

I 'Farﬁmlar, A e M) is called a square mabrix  and we. sim‘>h3 werke AeM,®.

Ex e 3.1
2 A

. i 2 (Y T i %3 merbrix )
[045] is a 21x3 real % or'smrlual %

We write AeMa(® .
Nl'\ile. C{u=3 . au'o.
o ...0

Ovn = [

0.--O

]Eva\Ck) 1 said ‘o be zero matrix .
Sometimes , T is SimF\-a_ densted bta (@) r? o cc»f\-fvsion oCCuUrS .

':szwﬁovx 32 (Matrix  Addrtion)
Let A, B € Muo (R .
A+ B € MR which s defined ‘o!a EA«-E]ij = EP\]:.-) +[R]

S)'.
Examfle. 3.2
EE -l 3 2
Let. A.[ ],B-[ ]eMm,(R)
o 4 § 4 5 1
A+B=[1+(-‘) 3+3 l+1].[| 6 3]
o+4 L+5 S« 4 9 6

])ef(vx\’bjov\ 3.3  (Scalar Mul'('.iPlicat)ov\)
Lebt A € MR and reR.
rA e My (R which is def“r\ed lma ErA]:j = v-EA]:j .



Examf[e. 3.3

Let A-[l ® l]eM,,@,C(R)  Then 3A=[

60(3]
o 4 5 '

o a (8

bej!v\rﬁcm 2.4

Let A B e MpR).
R is deﬁiv\ed as OB and A-B s deﬁiv\e:l as A+(CR),

'ProPosrbon 3.

lebk A.B,C €eMue@® , St eR.

1) (Commutative Law cf Matrix AddiBon)  A+B = B+ A

2) (Associative Law cf Matrix Addition)  (A+RI+C = A+ (B +C)

3) (Existence. ¢f Addrtive He.ﬂb‘ha) O+ A = A+ Opnz A

4) (Existence. cf Addrbve  lnverse ) AR« CAY+ A = O,

5) (Existence. cf Muttiplicative Hmt\-ha) (A A

6) (Associative  Law cf Scalar Muttiplication)  SEA: SEA)

) (Distributive. Law of Scalar Mul-ﬁ?llcaeovd S(A+B) = SA+sSB and (s+E)A=SA+EA

':sz\ml‘hcm 3 5
Let AeM. R
Eocdh row can be rve%Qrded os a veckor im R, called a vow vector .

Each column con be \-e%m-ded os a vector in R . colled a column vector .

J-H/\ column  veckovr

R
[Qn Q. - Qj| - Qi )
Gaf  Qaa ah;') Can
A -
: : -dh row
[@ & . @] - &n]| vector
| Cwi Q. - - awj <o Ouan ]

—ﬂ'\erefure AeMum(R has m row vector (in R) and n cdumn veckors (in B |

fn qubedar f beMun B , we way reaqml t ag a veckor in B, and umll«a_ we write B .




Deflvﬂ'ﬁcw\ 2.6 (Matrix Mo\l'EjFIica(:lon)
Le'b A eMwmn(R) . BGW%F(R) .

AR s def(ned as CeHm,‘PGR) wrba <y =r% a;.-b.j

P n
— —
: °)
C___W\ Cij s M Q; Qi - QGn| N b’:)
o

Ciy = é Qir B,:] = Qi bu + ahbf) ‘et aiv\bvj

Y=t

=d°-t]>mh~=e. cf i-th row vector cf A and :)--HA column ve.::bar-cf B.

E e 2.4
i Y
by EN { AU O
Let. ALl 7 ] eta® . Belo  feMa®, ce[3 ] erham
o Y
2 4
L A Y
| QD+ RO + (1)) Q@)+ R + (@ 4 3
A'B=[ ] . [ 0+ @)+ ”"]=[ ]eMmqm
o 4 S ()€1 + (4)(o) +(5X2) (O3 + L)) +(5)) lo 2%
24
2 15 16

BASY o 4 5 | €Hha®

4 23 23

Remark : ln 8ev\ernl, PR # BA (even -Hneg have qh—ﬁe.\-ewt dimensions !)

CAE:[A— o I

bt AC i Sned
6‘:5)3] sw\defve

Exaw\Fle. 35

Let A=[: ‘:] ,s=[: ;] € Mool .

A, R+0 ., bk AR:O.

‘thw\i'ﬁcw\ 3F

Let Ih=[l ! - ] e M® , Le. [I\];J= {‘ (f I;J
..l o lf i#:)

tren T, I8 said to be mabrix .

(Sometimes, we SlmPha wrrte T ?f no cpwﬁ/sien occurs )




'Pro\:.osrbov\ 2>
) (Associative Law of Matrtx Hubbiplication)

Let A €MuR) . BeMupl®), CeMpa® . Then (ABIC « AGRS) .
2 (Bxstence. of Mutbiplioative. ertrizy)

et AeMun(R) . Then TnA=AL.A.
2 (Distrtbstive. Law of Matrix Hubtiplication)

Let A €MunlR) |, B Bae Maup(R) , CeMpug R

Then AR +R)= AB+AR. and ®+BIC:=-B.C+B.C .
&) let AeMu. (R ,Re M’“‘F(R) . sSeR. Then (sA)R = s(AR) = AGBR)
proe§ § o
[amycliy - 2% A8 el « 2 (2 [ Il ) k). 2 Tl Ll

'<S<P \Sv\wwu»\g over all pessidle pairs of r.s.

[A@oly » 5 I IBCT, » £(TAdy- ¢ FASHSTE B IRl e,

ISSS‘F

F\‘OO'g Oj Q):
[I..,A],J 2[‘[.,].,[!\]'--[1..3“[!-\3 oo TL I [AT; =+ +m(mmmj + I

! | !

o { S

Makrix mAH:'Tltca:&iev\ Seews sh—w\se L buk Hhink -
1’1-(-3% = |
) {
L4y &+ Sl& s 6
Q) is a sas{-.e:\ aj l'lv:ax' e%mlfiov\s.
2 -
Let A= 5 sl X=[.a] 'K=[g]

Then () can be written as Ax.B .

bejwam 38

Let A eM . .(R) .
The 'tmvxs‘:ose_ A e M (R of A s dzgﬁned ‘oa_ N ]-:) - [ak; .



Exaw?le 2.b

dia onal
< 2 © % 3 - 2 ©
Atz 4 9 deas A'[o s] Aelsu
t 5 > v 5
e.q. [P-\r]s‘ =[A].,_, = | Hiﬂﬁr\% qlov\g the ehagow.\l!

Examfle. 33

l-§ R= A, e, o) Ve (N - N e B, we refomaldta “dewm o W™=

Vi
Y£| (<3 W.CR)

W,
ﬂ | ve

N

—_——

“ Rw

N}
tdhen TR = [, Uy - ULD [VJ LNt Uyt -+ W1 € M(R)
_ﬂ'\enz:fwe., Sometimes  we write X% as B B«a. r'eaqum%_ a Ix| veol matvix as a real mamber.

(—? we. aocth: this, we have & =-T.

R'oPcﬂﬁom 33

Let A B eMu (R, CeMup®), seR. Then
(B} (AT . A

2) (A+’BST- AT-tET

3) (sA)T YN

5y (ACY - K

Fma§ c§ @) ;

neT T Tacl+ £ Tay 1), - 2 K1), - £ [CL K [CR ]

.Defl\ﬂ'ﬁm 32

Let AeM.R).
A e sod 4o be.s;ammeb'ie. f A-A
A e said 4o be Mt'(Slamme'b‘ic. (or skew Samw\e'b‘ic) r§ AT=~A )




'De:fwam 310 (Determmnant sf a S%ware. Matrix )

Deterninanrt. of a Square Matrix A s densted ké det® or [Al ., which = deﬁmd b.a:

D let AeMM) ,1e. A=lal
detA) = a,,.

(Exraw\din% a.lov\%. “he fwst row )
nw Qo -
2) let AeMM® , ie. A[q ] 'Drm.:a'&ablezlt |
delete, delete

Earn

det A = +Qu|%| Qn,lau = Oy Cay ~ A8,

N 7
NoT abs value but det !

au 5\‘,_
%\ %
am - az\
a, Qa QGn -
) let AeM® , 1e. Al Draw a tade . |7~ *
a:l qn aﬂ% -t
+ - +
QA G O3
delete
Qs Gy
Qs O
Ooy %Gy Og, G Gy,
det A = +Q“ - o\u_ : + QR : a‘j
Oy Ay Oy Ay % 43

QA (3 Q3 = By Byy) = 043 (321 B - Bia Q3 + Q13 (Bai G = Gnn Ra))

Q1330038 + Q135 Gan + Q13Q530ay = Q133 Qaa = Q) CaBan = Q13Ca3Os,y

(:%Sss'%n(c) Gty CLasa) Qaamd (Famc\a, m\a)
AN Suw\w\iv%_ over all P@rvm:hrbovx cf L2.3

det(hA) s definecl Mdvc(:ive(\é_.



o2 3 + - %
Let AL ] 4]eM3® Drow o table: |* 7
> N ~ k3 + - +

Pcbally . the Sign ot it oo, ot column - ey

Exlxmeling a.lov\%~ “the. fivst row -

det(A>-+l|‘ ‘*|-z|° 4|+3|°'
5 3 2 5

= L ERP -2 ECH I = -F
2 3

ExFov\elina alov\%_ the. second row -

3
de{:(A)=-o|’L |-|-||l3’|-'-\-|l 1| = 1D -4 =-F
532 23 2 5

Exrmdin% a.|oﬂ%_ “the fwsb column :
det(A) = «( |‘ 4|-o|13|+1|23| = LER +a08) =-F
53 53 (s
Ne matter whidh row or coluwmn we e?and a.lov\a_, the answers are alwo;as the same !

C.. Just Fick a vow_ or column with more zevres )

'DZEWEZOV\ 3.1
Let A e MR .

Minor Hﬁ cf A s &e_fine.d as -the deterwinart cf Hre (N-Dxa-1)  Submabrix  obstained —f—ow\
de.\ebv\%_ i-th o and J--Hf\ coluwmn df A

delete
:)-"HA <stowws
Q. Q- ‘\j e QOgn ] Qy O - a‘:‘q ... a.:),‘ e Qyn
A G Gaa Ay Can Gy G o G - Oajn -+ Oun
+— Mi=| + e : ;

: : de\qtz J Qi | A, --0 Qi s QH:).“ cee Qin

—ah—“iﬁ—-———aj_rv-l—aﬂﬂ—— ‘i~‘a(\ o)
: : Qi | A2 --- Qi Jot - Qin 1 -c- Rin
_awu (2. am:) <0 Caan a;vu awn_ aw;J-l .- a""".j"'"" aq;w\

Wrth the  above def\vx'rﬁov\ . we  have
det A = ‘_ﬁ”[A]:,- (—l)in“- = ‘_ﬁ" Q4 (-\)M-M\,- (ExFaniv\g a.(ov\% the -t o)

™

= ‘_i__‘f-ﬁ] " (-l;.ﬂ M.j = ‘_i__l Qrj Q)] M'j (Exlxmdiv\g a.lov\% ‘the J-‘H« columa )



Question : P\V\a w\eaw\'w% :sf dett(A) ?
1) l§ Taa.1 R reaard t os o you vector cf A:lad e MM®).

det A = a, = Sided (eyﬁ‘:\r\ af 3.

> aII a".
2) TeaT+a,) . NeaT+tan ek, “hewm as vou veckors A = ;
§ T+ a0} 3 regard AR P

det A = 0,0 - Al %
= stgvxed area uf 'Famlleloamm

Vi

SFG.V\V\ecl L:a. V: and TI\:.

D VeaTraJeak L aTrad ok GeaT+a]f ok ® ‘

reaardﬂ\emasmvecbwscf A=la, q ag V2
an ‘ln. Q;;
Q3 Gnx Ogy

det A =(v\| “v:.) V; V:

= sigv\eé volume oj the 'Paralle.leF!Fe,d SPavmed ba S, oand G
ln %evw.ml , !f AeMR) , det(A): siév\a:l volume. cf Pam(leld'(:pre in ® s‘xmv\ed b\a_ rou vectors

Propesrbion 3.4
Let AR eM®. Then
D det N = dec A
2) det(AR) = (det A)det B .
procf of
Prove ba_ induction on n.
W When n=t, lek A:(a)e MR .
Then A'=Ac:(a) and so det A :det A:a .
@ Assune that for any B eMa(R) . we have det B = det B .
det A = 2% Al 00" My (Bxpanding._along the. 1:th rmus )
cTIAIGE0 M (Mics M by induction osstangstion)
- det(A) (Exlxmdiv\g a.lov\% “he -t column )

Remark :
let A ReM® AR oy ot e%al “> BA L but det(®R):det () det(®) : det(®det®) : det(®BA) .




'Dejlvx’r&iov\ 2.2

Let A eMR).

A is said 4o be an upper (a lower) 'Eﬁav\gu\ar mabrix lf ag = © -jor i>] (:)<i).
A is said 4o be a dia%ov\q( mabrix lf ayj = 0 -jw 14§

L DL DL

wpper ‘briomgm\ar mexbrik lover ’bﬁam%u\lar mabric dio%ona\ mabric

Exerrvise 3.1
NDlet AeMR . lf A 1 an pper 'bt'ia.ngu\\av' ,a_ lower 'b'iav\gu\ar or a diagov\al mecbrix |,
show that  det®) = T an = Audas-Gun

ln 'FO.\'E\quaY' . det(T,) = 1.

D let AeMR. lf nit odd and A s awusaw\me:b'ic,slnm taat det B 0.

3)(‘? AeM@ sudn dagk PTH:&R:I ,ten A s sad & be an orﬁr\o%ovu\ wmatrix. .
ln this cose, show Hiak det A=zt

Remark : Note that AR:=T = A-A'= AN:T |, so .f e w\h& brow AA=T (or AA=1),

sl ﬁﬁces +o conclude hak A s o"ﬂﬂb%ovn\.

1) E, i obtained \:2 mul'hi?l\aln% “the -third  yow cf I ba k.
2) B, s obtained basuaf-riv\% the. first and  second  yow vf 1.

B)ESISo\sva\edfwmlb\amv&Ei?lam%-&\esecwdmwk\akw\d-ﬁmey\addlv\g-tp-&\e.
“Hurd  rouw .




Exervise 2.2

au qﬂ. al}
N let A=
Oy,

Q3 Ga Og3

Find EA,LEA EA ad co

vpare them widh A .
a,, Qi Qy, G Gn Gy QA Q. Ay
EA = EQA = E&A =
Oy Gn On A Q% Qs s, Qn, Ay
kaa| ka.31_ kag a&l a%’- a‘g k%"' all k%" a;’- k%;'\' Q!'s

D EA s obtamed by w&u?hamg the Hthird oo of A "’3 k.

2) E.A is obtamed bnasua:rrm%_ the first and second vow crf A

3) EjA is obtamed from I \,a ml-uvl\am%m second  yow "'3 k and -then addmg +o -the
Hord o

2) Cwnfv\'&z det(E), det(E) and det(E,).

det@E) =k , detlE)=-1 and detlEy= |

Direct  conseguence

al [} qu. at}

Oy Ga G

an qﬂ. qls
= deb(EA) = det(E)det =kdet A =k|[% an aa
kag, kas kog Gai G Oa

Hv&hi?l‘atn% a vow of [N B\a k , the determinast s W\A“ufked \o«é k.
(Ta\:iv% ot a Common -factmr- k ‘Sfbvv\ a._ yow )

Qy Q. Gy a,, Qi a‘}
A G Go | deb(EA) = detE)det=-det A<~ (% an an
Qu Gax Ogx

Ay G O33

S\..\Aﬂﬁv% two  rows cf A, the determinast s Cl\ar\%d ba_ a % si%n.

a,, Qi Qqy a,, Qa Qn
% . M| debEA) = detE)dek®Y et A =[O an an
kou+tay  kontan kograsn

Gy Gax O3

H\A"Ei?\\a(n% a_ yow ba k and -then aclehv\g 4o ancther yow |, the determinast 1§ W\d\av%q:l



b %enem\ , we lhave :

:sziv(rﬁon 2.3

The fol\owin% cre'ucbxov\s are called e.\emeyvtana_ o ol:nmtims :
D) Mv&bﬁxgv% -t row \o«a k. kKR;—»Rs

2) S\AO.FFW\% =t and \')-eL\ o RiesRy

) Mukb-Pl.aan% Jrta o \cxa k od QAA'W\% o th owmn o R kKRR

lf E eM.R) is a matxix dstained lma aﬁ\\%'m%_ one cj e above opermtions. on T.eM®),
E s colled an e.lemeﬁtawa matrix .

Fuctherwoce |, et A e Ma (R,
EA is emctha_ Hre. mabtrix  obtained bla Q‘?F\\a:lv\%_ “he same oPe-uEion on A.

'R'o\»stﬁow 3.5
let B, .E,.EseMB® be He dwee -have_s crg elew\e.w(:oma matrice in de-giw\'bion a1,
Then , det(E) =k , detE)=-1, det(Ba)= | .

Propestbon 3.6

Let AeM® . Then,

0 Mu\'hi?\\am% a yow e}‘f A t,a k , the determinast = w‘u&bl?\red \o\a k  (cdetE®&A)

2) Suaﬂﬁv\% ‘o yows cf A | the determinast s CL\an%e:l b‘& a * sign (= det &)

2) H\A\'EI?\\aM% a vow ‘°'6 k and then odehng +o ancther vow , the deterwinast s W\dm%ezl.
(= detEA))




Exercise 33

Let AeMun® . Then NeM W

Let E, .E, Ey e Mi® be tw -tdwee "haFe_s °§ elew\ewtoma matrice in de-gw-t—_im 300

Then , show that

D(ERD  AE] i the mabix of cotoined by mdbplgng 1<th column of A by k.

D (B« AEL i the mabic of cofuined by Swspping (-t and Joth cobuma o A

D (ERD « AE s the mabix of ciotined by mbbiplgng 4h cclem o A by L
ard ackding o 1-th ol of A

uH 3
A - (E; ) = P\E;

BEA

e I

i~ta 3-6/\

'Pm\:csrtiovx 23
Let AeM® . Then,
D Mutbplgng a column_of A t,a ko, the. determinart 15 mutipled 1,.3 k(s det(AED)
2) Suaﬂﬁn% twe  colunms cf A | tre determinast s CLW\%ec:l lwa_ a & sign (= det (RETY)
2) H“"b’r"a‘“g a column L,.a k and -then acld\v\% +o ancther column , the  dekerwinant

108 W\c.lr\ah%e:l (= det (AEDY)

ExamFle 9
[0 4 4]
Let A" t ~ 3 eH3®
L2 7 (§
o 4 4 R.eR,e 2 3 'R:,+(-13R.-)'R; 2 3 [ - S §
2 3 = - & & = -|° 4 #|=-w®|c !
2 3 I8 S T o 23 9q o (3
'Rgﬁ-(-l)k;—)kg ! > 3
= —wE (et b sk
o o 2
Atternative.  metirod :
2 2 = L=t 3 =’+| —(8 = L4(-6) = 2
2 3 15 2 -8 8 = -




Exervise 3.4

Let A eM R . Show Hrat

0 I-f there ¥ a vow or column cf A witdh all zeros , then dek A:o.
(Hist ;. Compute det®) by eﬂxwdw\% alov‘% hat. vow or column )

2) l-f there are two vows or columns c‘f B with Some. entrties , then det A:o.
(Hist l—f Ri=Ry, ’Fergonm 'Rx+(-|YRJ—»'Ri )

2 8 keR, then detkA: K'det®).

Defm-hm 314

Let A eMMR . lf there exists BPeMuU(R) such that AR:=1 -BRA,
trhen B is said to be an inverse of A (séwwneb«-icalla . A IS an inverse 05 ®)
bn Yhis case. A (alse B) is soid to be an inverbible mabrix.

Question :
1) Existence 2 How %o find

2) Uv\'\iuevxe.ss 2

fDe.fween 3.5

Let A e M(R) , MD' are minors of A (see dzf\vx\'t'\ov\ 2.8) . .

The cofactor mabrin oof() of A 15 defined by lesfenlyy =(-|>T My and -
“the adjvgar&g matrix ae{‘](A) cj A s defmad b\a o.é")(m=0of(l\) , ie. [acl:)(h\]i-) =(—I)JMHJi .

+h

et
™. -Ha SED M ™, “May T ED My

n+L

cof(A) = | =My Ma oo 3 Mg adj(M = f Mo Ma e D M

-!gw.""vu (-l)v“%'\hn. Mo -SMM‘“ (-‘m‘“ Mown



’P\-DFos\'Eien 3R
A aelj(PO =(det AYI - adj(A) A
Procf of e =t bty
[A adj A ]3 = ‘it_': Qir [ad:') Pa]j Recall : ] .
- Z aie (-l)J*rH\')r det A = 2 g ) My
dg't [AY ?f Tnj / CEXFAV'AWG QIOV\% ‘e 1-Ha o)
= an Cl,.J (-\;—ﬂ M‘j

(o} If i#j (%) CExFavdiV\g a.lovx% ‘e J-‘Hf\ column )
SO A adj(A) =(det AYI

”“3 &) > For wj ,

71 Replace - R
:‘-:L\F rouw \;\a : : ~
Qi Qi ... Qjn 1-th o — Qi Aix  --: Qi ¢— i-th vou Note : Mie = H:)r
A< : : — A :
oy G - Ajn ai, Qu --- ain e—j--&!/\ vou

0 W v IS . x
éa—.‘- -1) M‘r -éa.,- C-1) MJr (ExFaw:lmg alov\% ‘the J-‘H«\ oL uf A)

=d€t& = O

Direct conse%wevxce. { Avswer sﬁ ay

§ detAfo, A(madjcﬁ\)=(d€‘—tﬁad3(ﬁ))=l,i.e. cr OB B on inverse of A
Houever,'rﬁ det A =0, does Tt[MFl\a_‘M A hos wno wverse 2 (Avswer latec!)

Answer c'g @
?rurcs’t'ﬁim 32
Let A eMR). lf B ad C are beth inverse wmakrices c§ A, then BR=C.

Pmcf: 'Bv.a asswn?'ﬁovr\ AR:=1:=BA , AC=T=CA .
—[-L\Q.V\, AB-.I

CAYB:=-CPAR): C

e

I
B-C

'l'\'wrszv_,once. nverse. cfﬁeixsﬁ,‘(tmush‘oewﬁ%m,omc\ we_e\e.ncte_'rtbal’i‘.




'Pm\;os\-tiov\ 3.0

Let AeMR . A s invertible lf ond ov\l‘a 7-32 det A #0o.

pro=f

(=): B A ivertible , te. there exists A'eM(®  sudh that AR':=T:A'A
then  det A det &' = det(ARH = det T < 1.
. det A 4o

y: l-g det A 4o, fn:wx 'Fv-uros'&:mvx 2.8 , we have (ﬁo&\yﬁ))l\ =1 = A(d;t_had\)d\))
A exists and A': @ aAj(N

Remark :
Let A.B eMR) sudh tdat ABR:-I . Is it trne that B-A'7
PR-I = detAdet® - det@®@® =det I =1 5 det A #0
Therefore. . inverse of A edsts and &' adiey.
Bom  ABR:T
AR K'T

B A
From now on,‘i)gwe. want to check vf B is the inverse cf A,
‘rt.suffice.s to check AR-T (or BA=1).

e 3.l0
\ 2
Lee A-[2 2] Let A=[° ° o].
Coo
det A - s: sl#0 = RN exists. debA:l“zl s-l 20 = KA exists.
{ - 2
Cof(l\) [3 8] and ad\)(PD=[S ;] cof(A) ’[13 _::I and adj(PO--[; - :]
2 o | -U -

- | i ) a3 - | ) -t -2
e s i [x2] B s oy » [o , 0]




S :

Em?‘e 4.\

-+ = —®
Let (s):{x 3(3 1

>_x_+s.a=r>. —®
@+ NxO > : {x+36=4
-!a_r.-).
=Ox® - :{vx-t%(atq-
. il

(Y E’(-
]
2 i
L E’i--
Ra+ () xR—>R, !
o -1 -2 ]
(- E’I—
-)xR—Ry) !
o ('3

g4 S«asbaw\ ot Linear E%watiows

A Sgs'bzv«\ cj linear e%v\ahons :
Given arj's and bi's , we want +to flvxd =%4s  which s«hsfvé_ the -j’ul\owiv\% Q%V\d.'thV\S )

O Ky + Oug Xy + ---+ Qi Xin = b,

Ogy Ky + Oy Ay + -+ Qon = by
Oy Kt + Oy + -2+ Qlin = o

or S’\w\'F\xa_ write. AR -8  where AeHy.W\GR),?=|:=

bl
: ]eM,,.CR) ,ﬁ:[jemm.

w ldea : We have w linear e%aaﬂews which define m aﬁwe. ha‘xrrlav\es n R,
0. solition cf ) is an wmtersection 'Foiwt Gj trose. m aj—frm. ‘ma'rerrlame_s.

— O

—®
)

—®

(3_:')_ , Fwt nan. whe @, x+3):=F and so =:=|

Acbma“\a we do wst have +o keeF “rack on Unknouns :

U,2)



Anctiher ivtbarl:retution :
PRSIy

L3 i3] .
c ! &—~— called A 6]
| > J l':._ a.u%memted maErix
(13 1 %] o .
Ra+ (3 xRy, i et E-[L°]  [EARIEE]
o -1 1-2 ]
L3 1 F .
(")*R;_’K[ i Let E,ae['o _‘] [E;E.P\.E,_E.t]
o | '2
{ x +3(a = '-}
.

[ -fact . We can 80 fmﬁr\e\m

'Rw(-s)*'kg—’k.[l ° - (] Let E,=[‘°'?] [(EEEAEEEE]
o L '2 i{ [']
SR ;z,lsr,[;]

‘:DefWEioV\ 4.1

Let AeMu®). A s in o eCJ/\?_lOV\fb\‘W\ rg

D) all nonzero yows are  dbove e oj all zevos

2) ~the lmehma Uhorzers) ety cf a nowzero row must be |

2) the leaclina | cf a nowzero row IS alwo%s sbﬂcﬂ\a_ +to the lef'h cf
“he le.aclivxa | cf the next wnonzevo row .

A s in reduced row echelon ‘gonv\ \:’f T fwﬁ«ey- Satbisﬁies

4) For each leaéin% I, * s the onlxa_ novzers evdcna_ n WS column.




Exam\Fle 4.2

The fbuoo'w% wmabrices are n row echelon 'fbV'W\

“l —3] (o o |l o o 3 o |l o o 3
o [I?\_‘] [o o o |l o ] o o O || o
o o o O o o © o o o ot
't i o © o O ©
M yeduweed row echelon fww\

but the ﬁol\ow'\v\% are. wnot
l!'l —3] Lo oll o o 3 i o o o 3
o[t |:\‘_\7'] [o o o|l © 1 o © © o o
oLt o olt o o o ©o X 3%
©o © o  ©

Gaussian  Elimination :

Geal : For a system oj linear equations [AIB] . we Ferjsm elemerttary row cperations,
-Emnsj’om e os [TAGE] such that A, s 1 row echelon Foom (or even reduced row
echelon foom) and solve .

© 3 (-1 RN_)KIL(.:.:l Rat@R[ | 4 5 1 (_J_im‘_,.qunh
2|o:|——»2|o:|——’h»o-=}-q.:_l——»o|%:'f+
b4 o 3 (- o 3 1 - o 3 1 4~
Ej:(“’k* 4 2 |CDReR) T 4 2
R Lo tsrln]| — o  anly
o 0_5/:‘.:_l o o | :1
—
Yoweclr\elcv\'fom
L+ 4+ = | ?\ L +L4EN+ 2@ =1 S W=l
|e{ 'x,.+%_-x;=-‘q-_ ? 7(;-*%('2-)“%.%7(;.'-( oK=L, ==l A=
Ay =2
* backward  substrbztion
OR do f«rﬁmer
L g 3 RatC IRy [ 4 o |-3|RFER T o o1y
o t 4l PRa s lo 1 o la| PR |0 1 o -
o o | I:. Ri+(0)Ry [© © I I:. o o | : R FER W SE T B S X

o R redced row

ec‘f\elon fuvw\




ExomFle 4.4

L2 1 o 12 L2 o2 L2 1 o2 L2 1 o2
‘24—31056—>ooll-L(-ED-—>ooll—l+i'>.—>oo(l—'+E:.
36 4 5y oo t t—t+8 o 0o 0o o 316 © 0O 0o O (12

-———

Yow e.c.‘r\elon vn
4L+ + 2% =2 D A AVLHUO-E) +2@) =2 D A= -12-2X 4+ = -1 -5+t (lek s-seR)
g+ A -lng =2 D G- =Y H = 0-A =lo-€  (lek X =€ cR)

Ag =2

(% can be any veal numbaer- , So -Elz\e-a are called -fre?_ vavidbles )

SO Xy X X)) = -n-dsat .S, lo-k 4 ,2)
=(-12,0,19,0,2)+S(2,1,0,0,0) %+ 4(1,0,-1,(,0)

where +t.seR
13

R,

x,1,0,0,0)

T s a d-dimensional Qﬁ\‘ne Sl'&:SPRQ_

'chsw\% 't\tm.w\gk (-a,0,19,0,3)
SFavmeA ‘o:.a (2.1,0,0,0) and

¢12,0,19,0,d)

o.-1,0).

w
o E\Iexla 'Fo‘wtb on Tl i3 o solukion .
Okdof,«ﬂr\er
L2 1 o312 L2 | o 01 I 2 o -l o -1
ool(—'-(-i:.—>oo(|OE(0—>ooll0-(0
o O o O t+2 o O O O t 2 o O O O t 2

-
veduced vow echelon -fzyrw\
LAG A =N D A= o224 X = - -ds 4k (lek -seR)
¥ X s10 D = 0-% =o-t  (leb % =-eR)
Ag =2
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ExamF[e_ll-.s

l)..l:l 11(:1 ll(:l ll(:l l)..l:l
\ ' t Lo- , C - C (- , Lo r-
32|o (o) II (o) II (o) II (o) Il
2ttt 13 o =3 -t 1 O O L= O o t =1 o o -1
38 413 o2 (1o O o2 o o-l |2 o ool

The last Q%EE'MV\ IS ox+0xtoxy = | , which is im?oss“\ue_!
There. is no  scluition !



“The elemewbama_ o onmﬁor\ also 8’Nes ancther wan “+o flvd “dre inverse a? a mabrix.

E»<am‘>le 4.6
Let A=[; T iJeHa&m-

LI

lo:.:loo (o;:loo (o:.:loo |o>.:(oo lo:.:-(-:.'l
°|°:c>lo—>o(o:c|o—>o(o:olo—>0|o:o(o—>o|o:olo
I | 10 ©o | o | ~tl-t © 1 O O =tI~=t -t 1 o o L1t t -t o o L1t t -\
A I EA E EEA EE BEEA EBEE EEEEA EEEE,

-t -2 X
Note that EEEEA:-I1 , so P:'=E4,&EQE.=|:0 \ o:|

[ S |
(Com‘xwz “+ exam?le. 2 o)

Let R, ad R be Solutions U§ Az-BE.
+§ we lebt R=R+tR-R) .teR , then A%: ARALAR-R) = DR +£AR-AR) - B++BR-B) -k

‘Tkereﬁwe., e\:ena 'Fuwt lies on tre line :)oinin% X, ad ¥, s deo a sclition GT AR:Ta.
That mears AR:B cawst have a solution set C.OV\SSEM% cg mere than one discrete Fom&s

[ ldea. H
lMFOSZ. on e%va:tievx T |w\\>ose_ o constrain
lw\\mse. on_exbm e,%ua:t'\w\ e |M\>ose. on exba  constain

ve=

Cut down -the dimension cf Schetton_set ? Depends on how trose planes wkersect !
Os\nadl\a (bt NST V\ecesama) “the dimension cf Solubion seb s reduced ‘o\a_ ( .-5
we. “wrose. an  exbm eqowr‘:iovx.

¥ we inserk 1 affine h.a‘,a?lanes (n equations) in B (n wnknown) . the intersection of “nem
(Solrtion set) 1= uswa“.a <s§ o dimension (vmi%.(e solution) .




3

For e_xawrl;le_ . in R,
Qi X+ an_!a'(' a‘sz = bg — L
Qo+ O n £ Con2 = b, — T

Oy X +0ny+On2 = by, —Tq

ON%’\E— Solution : No  seoludtion :

lwflvx\'te.(v.a many Solutiovs :

_sz =T\_3 =T 2-“.3

sol® "
sol® <ol

Question : Civen A eM® , B eMa®) , how 4o deterwine rf
A2 <% has u\vx'\%u\e_ sSolubion X eM,(R) ?

?rn‘bos*&lm 4.
let AeMM . AT has tnigue. - selcdon § and oy 1 A s invertidle .
T: £ A i dnvertible AR <%
KAz - KB
R=AB  which 8 the unigne. - Solukion.
(=>: 8 ARB hos nigue. Selebion . then we wike the System as (ABRI.
When e perfirm  Goussianelimination , we have  [EwEn, B AIEEw~EE]

S
E.E..-E.A:=T 3

ie. A' exists and N'- BB E. i.e..aq.ua; fcr Isish
"ﬂ\erefwe whether AT  has m'l_%u\e_ solukion deFem\s on A ov\\‘é_ bt wet B!




Furtherwore , ‘nf P\b is_vertide , then AR - © has W\’\%Ae solution T = KNS .

% -
Let %=|%| . B:|%| and recall that A= adJ(N
: : det A
T b v
T
= detl_h -M P“u (_‘)v\-t-i. IV.I“,_
-6*“';‘“\ ("mm e Mw\
it
Hu - H\l SED Hv\\ bl
F‘-] = m -Mi My .- (-l)wup'w; |\b’]
%, o : S L
-1) M ('\mm Mvw\
{+1 2+1 +i n r+i
fon e (0 M 0 My e M b (31 5" My by

Wt s T 2
Let A be the wmatrix okstained 'frbw\ A ‘ola re‘>\aciv\% the i-Hr column b'a 1N
é (-lg*iM.,-; b = det A CCheck t)

'P\'cfos\'hev\ 49 (Cramer's Rule)
= . dzt P“
. = ( . = ST i
Let A e MR l'g A= =% has wm_%me_ solution , then = i
Prorosrhm 20+4.1 : The fbl\ma'w\% ae e%/\ivalewh CTEAE) :
0O A i’ invertble
2) deb A #0

2) A% has wr\'t%me_ SoluSon

Rewmark : \‘ﬁ det. A =0, T ‘\M?\(es Az -B does NoT lhave wr\'\_%u\e. solukon .
e does NOT mean AZ:=B has no Soubion, T vy ‘r\aﬁey\ “hat
A% -8B lhas ‘\ws\\r\'&\a wxama solxtion !



More 8eomzbricql ?o'mb crf view
A% -8 has wr\'t%ue_ solubon & det(P) £ o

T

T
AA* Rayg+RpZ = b, — T
) o e+ Oy G 2 = b, =TT
Oy % + Oy + O 2 = b — T
T
V\mls
Q, An Qg
S has b\vﬂ%v\e solution & |a,, Oopy s | # O
Gy G5 Cn

ie. sigv\es\ volume cf the 'Paro.lle.leFtFed SPavme.d ba normals o'f T.. T ad Ty #0

E e 43
%
Let A:[: ; ;] \ E:[q_] and let (S) be a sasbzm of linear e%ahov\s given ba AB].
2103 13,

-Bta \AS-IW% Craw\e.r s e ,

L2 | 1 8 1
‘et A\ =[q_ '5 O] ’ Al=l( q. O
13 1 3 213 3

det A, =2 |, det A =-4 |, det B =-6

et A dek By _det by
e i R e~ S

Remark: The sdution can be jcvmd \o‘a vs‘mg Qaussian  elimingtion as  well.




Exaw?le 4.8

|
Llet a.beR , A=[,
(o]

b\a [AiB]

@) Show that (D has unigue solution lf and On\\a f agh.

o w -

| 2
L Bzlo| and let (S) be a linear ons  given
)=l AR N

Find the Unigue. solution in “terms of a and b in His cose.
B \When a:4& , what is the value of b sudh that S lhas solution ?

Sclve ) in this cose. .

Q) det A =lb-a
Q) has unigue. solution & det A 2o

o a#k

( 2 Ut Ut T
{ fol—lo 2 1t iaafl—lo + Y| —lo + Y%
o ‘b o a2b o a2ib © O 4-aia+o

+ 2z =2 = == )_-1,_-1.,-.-“';_2‘;"0

= %s l-'%-_'x%=q'-l+_2-.;b

|
3
a
{ .
iéz = bxa > z=7%)
“Nete - k-ato

The last e%ua:(:lov\ is ox+o\a+oz-—4+\o whidh s consiskewt 1? btb=0o , e b=-4,

When b:=-4, we lhave
(T S L o Y%,
ot %l Tt wie

Let_ Z:'be‘k, %:-%:-% . 1:(~%=(-%
-

b#-4 Nosol®

b -4 lwf'w\"\‘h} \Ma«wa sol®

ae
sol ™!

(1.(6.2.3 (Lo, )+t(% -+ 1)




lek AR:-B be a s«agtem csg linear e%uab(ons, where BeM, R, ReM, B , TeM ® .
(-g B:=3 . then the Sxastem <s§ linear e%mblons is sad t be how\o%eneous.
Note that R:38 & alwavas a solution to AR:=38 , which 15 sad o be -the -bvial soluxtion .

(Al ne l'\a?ex?lames are cpvvﬁa’w\iv\a -dhe u—iaiv\.)

E*m\‘ﬂe‘(-

a

(-2 2 -1

Let As | o (a4 1 . where 2eR.

\ )

Find He value °§ A suweh Haakt AR-B lhas non-trivial | Solution .
Note: ARX=B a(uqtas has a Solution .

.. A%=3 has non-trivial  Solution < det A = o

t<a 2 -l
o (+x | =0
\ (4>
u-ml‘*" ¢ |+<0| > - l -0
I L) -+ |

N-4X+n+b = o
A+OA-DIN-3) = ©

A==l ,2 or 3



&§5 linear \v\de.Ferdznce_ ard Rases

’Defw—bov\ 5.1

let 2. ... be vectors in K.

If TA‘=‘_=‘C‘KZ. = CRh+- O N fw some C,....,cpeR,

then R is said to be a lmear combination cf LA
s?am{v.,---,m) = tdre set cf all linear combsinations qf SR

{RecRe e R e® C .- O eRY .

ExawrPle 5.1
let T=C.o,), TasCl, 1,0, %heola,2) c®

S‘Fovx({v. R R kv cN+c L ¢, . eRY

. 'F‘a.he. S‘:sameﬁ:l losa < and T .
(Ex: Show “daat Hre e%uaem uf e plone is x-ca-z=o.)

How about aeldiv\%_ one wove veckor 2
Note tdhak To2, 20 =20+ %, ie U rEself is a linear combination c-f voad T .
s?andv. D = iR aed il : €, 0. e RY
=eU+Ch+ G GR+I1R) [ LR+t T v vy, [ = OV +Cu(Th-23U) +
( H(C+2C)T) + (Co+CO Ve / / )

24N+ (S +a)T = (C-2C)V, +(C + COT;

.'qune S‘Famed b-gv.qwdi/vlamlv;/v.avdﬁ

One vector i vedundant  (Which one 2).
—l'k‘\s %Nes a  wstivation Gj e ‘fb“ow'\v% dcﬁvx'rbionf

'befiva-eon 52

let V.9, .. T e®.

{9.9%. % 15 sad 4o be linearly deperdent 1§

there exist c,.c,,-,ceR , buk ot all zero . such Haat
2 &Y= L+ G+ +C T =B .

{V..Va..---,vl:i is said o be lineafla inderew::\arvb «f

when T +CW++CT =8 , we wust have C =C,=...:C¢=0.




What s +he. vmeo.nir% of “dre. above. defvx‘r&lovx 2
Suﬂ>t>se. “there exist ¢,.q,,--., ¢ Wit some G #0 sudh trat cd +C U+ 4 F =T

- __&—\_ _C-|_n. _e&ﬂ—\_ _ _C—\
\IJ = V, C:) VJ" cj \I.‘-\-I ‘3 Vk
Le. Tl:) ® a linear combination ?f “he other vectors !

_nr\evzfmre. ) fw a linearl«a iv\derevdewb set cf vectors 19, ., N3,

coch vertor cannst be &Fressat\ as o linear combination cf —+the others.

let .2, ... T e® .
How +to determine %3 is a linear i set ?
5 g eleperdent
Sw\:?vse. “that ﬁf={au~]
Qnr

Fird <G G SMC'I\ -that CSI" +C1vb+ "'+Ck-‘7k=_6
a\\\ qli a‘k o
< Cl‘xi]-(-cﬁa.u.jl-‘.....q.ck Q;k] _[?]
] A Ak 5

Qy Ay ... Qe < )
Gy Qs oo G Q ,|:o]

Ot Gz O

o

J-"HA column vector i '\'{)ek“
:o
' o
i
]
''o

(N %NQV\ k veckors. tt associates a s-astew\ c:j (near e%wthov\s wita

a" a‘: .o a‘k
O s .. G

Qi %z "t A
N linear e%mﬁms, k. unkinowns .

ExaMFle 52

et FeCio.), R, 1,00, el 02) e®
t 1 3,0 1 30 IV 310 I o x
[o t llo]"[o 1 l:o‘—’[o t lloJ"[o 1
| O 2:0 o -1 ‘\:o 000:0 © O O

Ll e) = (2 -t ,2) |, teR.

ie. e+, %+ =8 has won-trivial solution , ie. {9, ,%.RY is a livxend\a dq>evdenb set.

0 0O
| M — |

wn Farl'imlar,'ta\:e 4t=(,Cc.c.c)=C2.-1,1) ad we have AFH-L+H =T .




Exam‘:le 53

Let V=020, L=2.2.2.3), B=lo2,-1,0) and Tp=(1,2,3,4) e R

I 2 0 (!o I o-20 !0
o2 22.i0 ot! t olo

' e '
2.3 -l 3]0 OO0 o0l o
(204:0 o0 ooio

. (e, ,c5.C )=k .-t ,t,0) , teR
ie. there exists (c,.c.,c5.C,) #€0.0,0,0) Such that cli+o™h + o + ¥ =B,

—n\a'efbfe LA AR WY s a (iv\ea\rl«a clerevde.vtt set.
ln PYHW, +ake €:1, we have YV -R+RH+0W =B

V=23 +0
Think
1 2 o | !'o Il o-20!©
o33 axlo o1l ( o'o
' —_ - H
2 3 -l 30 O OO0 1l '!oc
120’1-:0 oooo:o
2 tto o o'
o2 a3l 1 ol )
s 5] ° : whickh %ives Sz, Gzl and S =0
23 3 0o ('o
I 2 410 o o oio

How abowk V'emcving B2 s .%.%3 a lnear ‘mdefe:\dewt set ?
lf e+ CV, 4+ O =B, then

L2t 'o Lo o!'o
] ]
© 11:0 —-..— | ©° ! o:o (c,.C.,C,) =(0,0,0)
2 3 3|0 o o t 1o
( 2 419 ©cooio

Pxf-(-zr 'bravxsfcmm% 4o vreduced oy echelon fom ,
« Hhe vectors (% T, in the emwrle.) curvzsrwding 4o columns wita leacliv\% s
jww\ a [Menrlca_ indefeyde,v{b set .

o e other vectors ¥; in the emmrle.) are vedundant” .

ExawrFle. 54

I 2 | o X L2 o -l o
2 4 3 1L o|>—=|oo | | o
36 4 5 o o o o |
A/ AR

SLedd, W4 R and IV.R%.%Y s a linear iv\de\>enda«t set cr§ vectors in B .




'Pv-oPcsiﬁov\ 5.\

et R.T.. %1 be a set of k vectors in T

B k>n then the aven sek must be ltweou-\\a_ cle?e,fdewc.

That means 1§ L% -5t & a lmem—l‘a wle‘xm\mk sek °§ veckors in T, then ken.

pf:

Fid c.c.--.Cp Such that cd + T+ +CF =B

Q, Q ... a-n a«z e Ry ©
% B - N - G | O

: % I
o Pz - a.\k - Gmet o

Jt Cp\wwr\ veckor ® \IJ eR"

# unknowns = k > n: 4 linear e%aabiov\s .
So it must lhave won-trivial solution.

Delinttion 5.2
let ksn and let 9,9, .93 be a linem-l\a M:\erevdeﬁk sk crg vectors in K.
Span (.- Y s said 4o be a k-dimersional SM\osPacsa n K.

I Far&icu\av-, |§ k=n.we havwe :

'Rm?csiﬁovx 59

Qiven a set cj n vectors n R LRV AL v A B

Q Ay ... A
The catve.v\ set Is liv\earlva_ \vde?ev\dewt 32 and on\a f @ @ oo Qanf g0
On B O
T
'F"N'f'° J—ﬂr\ column  vector is '\'/3

The ofven set is lineav-l-.a_ v‘dz‘)evxdewt
= [2:‘ 2: Ao ] has triviel solution os Hre wm%ue Solxtion

@an, ©
. [ Y
1

Qi Gz QT ©

G Qi ... A

& |G Qua --- Qan

Al Gz T Qpn

ExawcFle 5.2 (Cowt.)

Let F=C.o, 0, s, ,0), Aa>(2,1,2) e'(Rs

P32
‘ : 0 and So (V. .%.WY s a l(v\earlxa deFew:\eA'b set..




Reeall - lf Ae M (R) , det(A)=det(A) .‘rt\erejm;,
Si%v\eé volume. s§ vx-'Pml\elc-&oFe_ SFGV\V\QA Lma EVAB I v 4

an a}_‘ . Qm QN a‘} .. al'\
Qp Qxn --- Am = |lawy Qua - Qan
P : < JHh vou vedor & ?J P :

Al Qnz .- Qun

1

)-’HA column vedor is ?‘

Qm Can *:: Qua

The above 'Fmros&iov\ can be iwbar?rz(:zd in_a more 3e.x>w\ebn‘qal waua :

Signed vl - liel
{V.,V;,---.QJ is lMer-\rl lV\dePevxdewt S %e velume s§ " Pm ec‘&cre.
la S‘Favw\ed b\a SN, N IS nonzero .

'Proros\-ttov\ Ao+ 4.(+862: The fd\oua'wa are e%w\/a\ewt CTEAR) :
et AeM® .

D A s invectible

2) det(A) £ 0

2) AR5 has nigine Solution

4) Coluwma vectors  (Row vectors) cf A jowv\s a lrv\earl.a rdependent set cf vectors in R

'Pm\)csiﬁovx 53
let 9.3, %t be a lmearlxa ’(v\de‘:,ey\de.vk set c‘? veckoes in K.

Then, every Jeckor con be ex‘xzssed o2 a w\.%/e linear cowbination cf SR ATTIA VR o - -0
-fol(oc.)s “Hnat sch{v..-.-smﬂi‘
et Balb, by, - b)e®.

Bnd v vy - 00 Such et vV e 4N = B

Qy Ry ... a\n:L‘
a‘xl an. a-xn:b, QA Qi ... Qn
HI Pl which has a umi%ue Solution Since | @a - Q| #o
G e -2+ n 1 R
1 Gt An 1 Qpan

Jth column vector = '\'I:) eR’




.bejivﬁ'tion 54
l% S RTINS v PPy linenrlna '-wAeFendewE sek cf vectors in K, i said 4o be a lbasis 5§ T.
Anovderedbasﬁufﬁhabasisﬁﬁe%uir?edwrﬁmas‘xcﬁedov-der.

E le 5.2
XQW(F :)-‘H’\
Let 65-(0,---,0, ,o,...00e® .

Then {2,.8,..-.,8.1 s an ordered basis es§ K (since det Ta= 1 #0) , whidh is called the

standard  ordered basis.

l-? %:i@,ﬁ.--».@& is an ordered |asis 5§ K, then every Jeckor b e® can be exP-zssed o2
\"ST. + Wt - N W\-%re\la_ n dais cose , Yuva,--.r are said t» be coordmates uf B wrda

e

, & means ‘dhe coordinates uf'B w'rt!/\resrec.t

A}
respect o g ,which s densted (ma Ec(r.,r,,---,rh)F or EE]Pln]

L

b,
When we Sim‘ﬂ\a wrree 'Ge(bubm'".b\) Ot-i::

+o -tdhe Standard ordered lbasis.

Exavale 5.4
et R=Cl.2,0 , R=Co,1,4),%=(0,2,1) eR.

=-F 40, %-{V“.V,,Vﬁ IS _an ordered basis of .

Since

©
2
|

-0

(
2
{

let B=-R.6,-8)eR, we are %om% o ftw:\ ., .G such Ghat

\".Tl‘.+¥';,'§7:_+r3‘73=‘g ~ms |t OO b, 3 |l oo.:3 Il oo.:3
2t 2k =6 210 2/6|l—>--—>[o1 20
toa el -4 U4 Ly oo 1l

s B (2,-2, 0%,

Given a basis cj' ® and a veckor in B, we have +o sohe a sas-‘:zw\ cf linear egbuabions tj
we. woukd fike *o express -the gven vector as a linear combination <{S— vectors of ‘e basis
Gahich s cowplicated ) .

ls -there ang better dhoice cj basis 2



‘bejivﬁ'ﬁion 55

A subset {9, %, R3Is K s said 4o be or‘HAOgoMl !ﬁ eadh pair cj T and Y are
ov‘Hf\o%or\a.‘ . ie. Vi-TIB=O fbr' all qéJ
Futdhermore , an O\r‘ﬁf\o%om\ subset (9,9, R3S E = orthonormal f Kl =1 fo\r— all 1.

'Pm?osi-ﬁm 5.4
tg ., S3 IS an orelxogoml set uf novezero vectors in B,
“hen . must be livmrha 'mdmnFmaewh.
ln_particular. .45’ 9, %, 3 IS an orgl\ogov\al set c§ novzero vectors in |,
then e wust be linearky 'uvdenFenc\ewb ,ard So &t s o (on m-&b%mn basis u§ ®.
jc,v.-ec.ﬁﬁ----»cg;:s Then,

(Cx+oh+-+ QR ) -+ B

/i -0

Cj = O C. N‘S\> o)

Nous , Suppose. ~that ., T8 an oc‘er\o%oml basis of K ond let BeF.
Then -there exist W\‘\jouz riYe. v, €R such that 4Rt +vnTnz=b.

HO\A '&O 'f'&\d | oI o SR Tv\? -E= rl-\Tl"“f':@:.

(\*‘ﬁ.-«-nﬁ;ﬂ--v-«-mﬁ})- =B. V:J o 1
Prb\\vs(‘g)z ,,VT
=B.V;
oY% ) . S
LB.9 ‘
9 (9
(= BVS nf N. %, 1= an orthonormal kasis )
ExawrFle 54
Let Talk, . ). Talik ~k. 0. Ralqk -3 <B 8
Check : {9,.% %3 fwvvs an orthonormal ordered  basis cf T, ie. V‘.V\'j={
Let B 1.2)e® ., +then B=rdicnth+nd ° § w

\A)‘/\QY'Q. ‘ﬂ:E'“:% — Yy = E-V‘,_ =-L . Y‘<5-.B Vg‘-i

2




Remavk :

Qy Gy ... Qn
Le't A - [a:\‘ Q‘; e a.?y\
B\ Gy T (2PN

It column vector & ¥ eR

Note -that [NALy = W (or .9
J l if =)
{.%, - W3 s an otdrovormal basis @ V.Y‘p{ e AA:T e A = ov‘ﬂr\b%una\.

o lf ).
Grum- SQ‘NMd‘E. RDQ&:
et {9, %1 be a basis Jf ®.
N4
D Llet @7 B - proj )

3 Let ﬁ,.m-?mjmcn;),q;-%m
]

Then {1 s an ocbhrogonal basiz of B.
Fucthermore . 10,03 is an orthonoomal  besis °§ B,

P\"D\-S‘—JI (R

The above metdaod -for- ‘Frvdwcm% an u‘H/\e%om\ [ ortdronormal  basis "fr‘cW\ a basis & called
“he Grom- Schmidt Pprocess The %ey\ero.l statemenrt i
lf @, %} be a basis sf ®,
k-1 [ S -
- . _ _ . _ _ S Wi
et W= and e keaa et D= %Pruﬁ«rg = % %ﬁgq
tHhen &3, WY isamer'd/\o%owal basis GT T ond fuw,wnd s an ocdronormal  besis °§ ®.

Exercise 5.1

Let R=Ci2,0 , R=to, ,4),%=(0,2,1) eR.

Then s {9993 15 an ordered basis of B (see ecuwple S4).

By using tre Grom- Schmidc process | consbck an ordered  orthonommal basis —-§vom B




Clnov%e oﬁ Coordinates :
Let %={V.,v.,...,¢3 and  Y:{R,.3,....W3 be b ordered bases cﬁ ®

Svﬂ»se_-hbwt EeR",EE]F=l;£| and m¥=[:;] are  coordinates c‘f L with resFe:t'b eard\’.
&

S
What 18 dre relation betieen EE]F and Wy 2

AL X

Firsﬂ.&,nstz-tha:t F is an ordeved basis . so we haue
Ay
ﬁ' Q.,Jn|+0,‘)u;+ +O.\3§Y,\-|‘Z:‘!|ak)ﬁk ‘fbf' Sowe. ijek . ie. E\lsl( |:)

3

A
La] —
en E=nv‘+q<7,+---+r.\ .\-jZ‘ ;35 .

S QA Qpn ... oY)
'H/\QVE'%VC Sk B erak) = Yl t Qg t -+ Qe , (R L] [axl Qn ‘[Pi|
X '@m Qne r %
[, - AT,

EE]P. A IRl where A MR and the 3—":\/\ cdiwma of A w ¥y

Exawcrle. 55

Let R%=Cl.2,0) , %=, 1,4) , %=00,2, 1) eR axd
let er- {¥,.%,. .21 be an ordered basis cf ®.
Su‘:rosz et B2.3.00eR . Fud EE:\?.

Ba ‘»\-&\ ¥ 4o be dhe stomdard ordered basis |

T © 3
A= ‘;. ? : and EE]F P\EE]‘( [ -t :.l[:(.l : lil ie. B3R+
Ca 3 a -ulely Lidy




86 Linear —rmnsjbmacbion

Definttion 6.1

O T+ = Ten + T fw al &,7e®

2) TEeR) = cTad) fw al ceR ,2e®

A linear -b—av\sfomation ‘SFDW\ K 4o K s a :fwnc(:iovx TR K whidn sabsf(es

Question : Let 9:33- i %‘we.n R=(3,2) , %(ﬁ):?

Question | : How do we dstain  linear ’tvnvxsform&iovs 2

'Rquosrew\ 6.1

Given B e Muee® . @ linear “transfromation Lp: R >F can be associated
which 15 defines b‘& Laed = AR

g

Let Re® which can be reaarded as an element cf Mac (R

Then La@= AReM, R which con be r‘e%arded os an element of K.
S Llp s a‘fmc.‘ﬁmfrw\k“ o ®.

Alse LR+ = A = AG+ AT « L+ Ly@® Ao all %, 3

Laem) = AR = c(AR) = cla@ Sor all 2ek, ceRr.

o Ly s a lwear 'br'avsfcmmhovx.

Exawple 6.1
~ple A
Let Ry R—=R be -the ‘b'uvsfbw“a:bm deﬁnea\ \ma_ R =
rotation adbouxt -Hhe oﬁ%ivx ba O i anticlockwise S -
di on .
Re(R+) = Rg@) +RegV) ReleR) = CR@)
Relcr) = CRy(R)
Re@+W)=Re@) + R
~ u+v N ot
R | R
v
® -
W
Re'D N R
-Werﬁwe,'kgisalinem-‘b-av\ on-from'ﬁ-baﬁ



Question 2. l&h‘a are linear -‘:ro.v\sfwmﬁiovs iw(:zrab\v%?
Let % 3.9, .93 be an ordeced basis cf K and X-{3,.3, .33 be an ordered basis cf .
e tHhat T, TE@&). -, T@ are kinown
pos
a
T(¢)=ﬁa.j‘3\--0~3‘3+a3\3;+ +a..:)\4.. {e. [—T(vs)l‘[ ] -fw(<an.
Gy Ly

" w
Let RW=2l WS = Wi+ Vot e UnTa, L€ [ﬁ]‘g[‘:] .
p

_n\E.V\ T@) =T(U\.7|+U\‘#, +...+(~\vﬁ)

e WD + U TER) + - % U T () (. T a linear tran ion )
) Qa Qyn
[T(tk)lpwa“ + Wy :’ ++W\%
a'ﬂlr a“\nv

Wi + laQn F -  FUR\Qin
= | W+ WaCax+ - +UnQan

U8y + M:.a4n.+ cFUWnCan Y

Qi Qp - Qun w,
Qi A o Qan [U:J
Qi CQma -+ Qe 3

: An—:af, where A€ Mun(R) and the -t column veckor is Erur Wy
Understand T ch(ete(\& f we kinow T@, T, -, T !
Furtrermore . for eadh linear -bmsfwwrem T KRR, Tely for some A e Moo
A s colled -the matrix represertation of T.
Sometines we wrtte Erly instead of A o ewphasee that the mabrix representation
szev\As on e chcice cf g and Y.

ExamFle e

Let TR =K be the linear ‘ransformation sudh -tk
By "hn\dw% Psfﬁ..ﬁ.?{‘s L ¥=12.83.

T@y=28+38, , T@D=38-8, , T@)=E+28,

2 3 |

Mabrix \"erresen'tauu\ cj T h]: '~[ ] € My (R)

2 -l

R IR




EmmFle 6.3
SV\WOSG- drat = {0 RY and Y- IR.A] ace ordered bases o% K.
B T:R—F® 1 a lnear "C\'avxsﬁo(wﬂhov\ such aat TR = 2R+ 4 and TE)= 2405
thon e watri epresentabon EXIG « [ | |
T(@am ) = _R[Iz]’ [1 3(]['] =[§] . 86,

3 ¥
EmmF(e b.4
Let Ry E—oR be +the “Erarsfoomation ele)a.,\eA oy rtation cleuk the origin by ©
nanticlockwise  direction .
Note that Re@a-Re[]> =[c.oss] Rt R[] = -sine] (-sin®,cos0) 1

(o.M
3

sSin® cos® (Cos®,sinBO)
1
(L) | ,\
cos® -sind ] M
Mectrix rerresew(:at‘iov\ of Re ] )
Sin® cosd '

lf‘ﬂnmishocorfvsim,wedews& 'Hr\e.a\:ove.wm%'ke ogain.

o n X
Let S Given R=(3,2), ’Rscﬁh[c =3 =n3 ][3] =[%'E‘]

S‘V\]g Cbsg' 2 %.._‘

Furtdhermore gven ReR .
(Ko'Rp(ﬂ) = Ra(Rp@n) which votates @ in anticleckwise  direction \ma A and -then R
which e%m\ls “+o yotate W in anticdeckwise direction \:.a eL+F.

_l'ho_rv_fom [cos CEO I P] _ [cosol -s‘v\j [cos B -sin ﬂ

Stn@+p) costiep) " Lswma cos Sinp cosp

[ Cosol cos F - siv\o\sinf - (s‘w\okcosf-r coscksin F) ]
| Sndcosp+cosssin  cosatcosfe- sinsing
and hence olstain the Co\m?ovwd ay\%(e f:nwu\a. :
{ CDS(»L-\-F) = Cosokces% - Siheksi?\F

s’w\(ek+?) = Sindl c.os%-t- casd.stv\?




Exercise. 6.1
let T:-® K" be a lmear 'bﬂ:vsfbmtiom.
Show that TE@):=3 .

Direck. C.ovr\se%'\ew& . Translation s wot a lneac ’b’nns-gomaﬁo“.

Exercise 6.2

D Show Haat -dhe -Ye\\cmiwa ‘bmvxsj’umaﬂms on B ace linear :

@) Sca(mg dbout Hhe oﬁ%SV\:

s rzf&ecuov\ a\wg any sbw%k!: line. passing -tb\rw%\/\ the origin ;
Q) Fm')ec’caon on any gb-w%kt line. passing -&\rw%\n te ovigin .

2) For eada uf the doove linear -bwsfomtiov\, -E«nd e watrix represertrtion
(\-b\'t\/\\’esP«:b'baHAe?’cmndard ordered bauis ) .




